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1. Introduction
In these proceedings we study non-linear electroweak (EW) effective theories including a light
Higgs, which we will denote as the electroweak chiral Lagrangian with a light Higgs (ECLh). In
Ref. [1] we have computed the next-to-leading order (NLO) corrections induced by scalar boson
(Higgs h and EW Goldstones ωa) one-loop diagrams. These contributions provide the one-loop
corrections to the amplitude that grow with the energy as p4, as these particles are the only ones that
couple derivatively in the lowest-order (LO) effective Lagrangian [2, 3, 4]. We used the background
field method and heat-kernel expansion to extract the ultraviolet divergences of the theory at NLO,
i.e., O(p4), where p is the effective field theory (EFT) expansion parameter and refers to any
infrared (IR) scale of the EFT –external momenta or masses of the particles in the EFT–. Many
beyond Standard Model (BSM) scenarios show this non-linear realization, which are typically
strongly coupled theories with composite states [5]. A common feature in non-linear EFT’s is
that one-loop corrections are formally of the same order as tree-level contributions from higher
dimension operators [6, 7]. Phenomenologically, these two types of corrections are of a similar size,
provided the scale of non-linearity Λnon−lin that suppresses the h and ωa loops and the composite
resonance masses MR are similar [8]:
NLO tree diagrams ∼ NLO loop diagrams .
2. Low-energy Lagrangian and chiral counting
The low-energy theory is given by the usual ingredients [9]:
• EFT particle content: the singlet Higgs field h, the non-linearly realized triplet of EW
Goldstones ωa and the SM gauge bosons and fermions.
• EFT symmetries: we based our analysis on the symmetry pattern of the SM scalar sector
G = SU(2)L×SU(2)R, which breaks down spontaneously into the custodial subgroup H =
SU(2)L+R. The subgroup SU(2)L×U(1)Y ∈ G is gauged. 1
• Locality: The underlying theory may contain non-local exchanges of heavy states. Nev-
ertheless, in the low-energy limit the effective action is provided by an expansion of local
operators.
In the case of non-linear Lagrangians the classification of the EFT operators in terms of their
canonical dimension is not appropriate and what really ponders the importance of an operator in an
observable is their “chiral” scaling p ˆd in terms of the infrared scales p [3, 7, 10, 11, 12]. The ECLh
is organized in the form
LECLh = L2 + L4 + ... (2.1)
where the terms of order p ˆd have the generic form [12, 13]
L
ˆd ∼ ∑
k,nF
c( ˆd) p
d
(χ
v
)k (ψψ
v2
)nF/2
, (2.2)
1When fermions are included in the theory G must be enlarged to G = SU(2)L×SU(2)R×U(1)B−L ⊃ SU(2)L×
U(1)Y and H = SU(2)L+R×U(1)B−L ⊃U(1)EM [10], with B and L the baryon and lepton numbers, respectively.
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with ˆd = d + nF/2, v = (
√
2GF)−1/2 = 246 GeV, χ (ψ) representing any bosonic (fermionic)
fields in the ECLh, and being p any infrared scale appropriately acting on the fields (derivatives,
masses of the particles in the EFT, etc.). In the lowest order case ˆd = 2 one has couplings c(2) ∼
v2. The counting can be established more precisely by further classifying what we mean by p in
our operators (explicit derivatives, fermion masses, etc.) [3]. Beyond naive dimensional analysis
(NDA), one usually makes further assumptions on the scaling of the coupling of the composite
sectors and the elementary fermions. Typically one assumes them to be weakly coupled in order
to support the phenomenological observation mψ ≪ 4piv ≈ 3 TeV and the moderate size of the
Yukawa couplings measured so far at LHC. 2
The LO Lagrangian is given by [3, 4, 14, 15],
L2 =
v2
4
FC〈uµuµ 〉+ 12(∂µh)
2− v2V +LYM + iψ¯ D/ψ − v2〈JS 〉 , (2.3)
where 〈 ...〉 stands for the trace of 2× 2 EW tensors, LYM is the Yang–Mills Lagrangian for the
gauge fields, Dµ is the gauge covariant derivative acting on the fermions, V [h/v] is the Higgs
potential and JS denotes the Yukawa operators that couple the SM fermions to h and ωa. The
factors of v in the normalization of some terms are introduced for later convenience. FC,V and
JS are functionals of x = h/v, and have Taylor expansions, FC[x] = 1+ 2ax+ bx2 + ..., JS[x] =
∑n J(n)S xn/n! and V [x] = m2h
(
1
2x
2 + 12d3x
3 + 18d4x
4 + ...
)
, given in terms of the constants a,b,mh,
etc. [3, 4, 14, 15]. In the non-linear realization of the spontaneous EW symmetry breaking, the
Goldstones are parameterized through the coordinates (uL,uR) of the SU(2)L×SU(2)R/SU(2)L+R
coset space [20], with the SU(2) matrices uL,R being functions of the Goldstone fields ωa which
enter through the building blocks
uµ = iu
†
R(∂µ − irµ)uR− iu†L(∂µ − iℓµ)uL , Γµ =
1
2
u†R(∂µ − irµ)uR +
1
2
u†L(∂µ − iℓµ)uL ,
∇µ ·= ∂µ · +[Γµ , · ] , f µν± = u†LℓµνuL±u†Rrµν uR , rµν = ∂µrν −∂νrµ − i[rµ ,rν ] , (R↔ L) ,
JS = JYRL + J
†
YRL, JP = i(JYRL− J†YRL), JYRL =−
1√
2v
u†R ˆY ψαR ψ¯αL uL, (2.4)
with ψR,L = 12(1± γ5)ψ and the SU(2) doublet ψ = (t,b)T . The summation over the Dirac in-
dex α in ψαR mψ¯αL n = −ψ¯αL nψαR m is assumed and its tensor structure under G and indices m and n
are left implicit. The 2× 2 matrix ˆY [h/v] is a spurion auxiliary field, functional of h/v, which
incorporates the fermionic Yukawa coupling [3, 10, 18]. Other SM fermion doublets and the
flavour symmetry breaking between generations can be incorporated by adding in JYRL an addi-
tional family index in the fermion fields, ψA, and promoting ˆY to a tensor ˆY AB in the generation
space [18]. In our analysis, ℓµ , rµ , ˆY are spurion auxiliary background fields that keep the invari-
ance of the ECLh action under G . When evaluating physical matrix elements, custodial symmetry
is then explicitly broken in the same way as in the SM, keeping only the gauge invariance un-
der the subgroup SU(2)L ×U(1)Y ⊂ G [2, 3, 4, 14], with the auxiliary fields taking the value
ℓµ =−g2W aµ σ a , rµ =−
g′
2 Bµσ
3 , ˆY [h/v] = yˆt [h/v]P+ + yˆb[h/v]P−, with P± = (1±σ 3)/2.
2Based on pure NDA the Yukawa operators in the ECLh would be O(p1), spoiling the chiral power expansion.
In order to avoid this, one needs to make the phenomenologically supoorted assumption that the constants λψ that
parametrize the couplings between the elementary fermions and the composite scalars h and ωa are further suppressed,
scaling at least like λψ ∼O(p) or higher in the chiral counting [3, 13].
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In order to compute the one-loop fluctuations we will consider the coset representatives uL =
u†R = u, often expressed in the exponential parametrization U = u2 = exp{iωaσ a/v}. 3
The IR scales in the low-energy theory are
∂µ , rµ , ℓµ , m, g(
′)v, ˆY v ∼ O(p) , (2.5)
with m = mh,W,Z,ψ . Accordingly, covariant derivatives scale as the ordinary ones [6] and the La-
grangian is invariant under G at every order in the chiral expansion. Based on this we are going to
sort out the building blocks and operators according to the assignment [7, 11],
χ
v
∼ O(p0) (for the boson fields χ = h, ωa,W aµ , Bµ) ,
ψ
v
∼ O(p1/2) (for the fermion fields ψ = t, b, etc) . (2.6)
Therefore, the chiral order of the various building blocks reads
FC ∼ O(p0) , uµ , ∇µ ∼ O(p1) , rµν , ℓµν , f µν± , JYRL, JS, JP,V ∼ O(p2) . (2.7)
Hence, the Lagrangian in Eq. (2.3) is O(p2) and provides the LO.
So far all we did was to sort out the possible terms of the EFT Lagrangian assigning them
an order. The relevance of this classification is that, at low energies, when one computes the
contributions to a given process the more important ones are given by the Lagrangian operators
with a lower chiral dimension. An arbitrary diagram with vertices from L
ˆd behaves at low energies
like [3, 7, 11, 12, 13]
M ∼ p
2
vE−2
(
p2
16pi2v2
)L
∏ˆ
d

c( ˆd)p ˆd−2
v2


N
ˆd
, (2.8)
with the IR scales p, L the number of loops, N
ˆd the number of subleading vertices from L ˆd>2 (with
coupling c( ˆd)) and E the number of external legs. We can have an arbitrary number of L2 vertices
in the diagram and the amplitude will still have the same scaling with p, provided the number of
loops is fixed. If we add vertices of a higher chiral dimension we will increase the scaling of the
diagram with p. Thus, we have that the one-loop corrections with only L2 vertices are O(p4)
and their UV divergences are cancelled out by tree-level diagrams that contain one L4 vertex: the
renormalization of the effective couplings at O(p4) will render the effective action finite at NLO.
3. Fluctuations around a background field
We are going to consider perturbations η in the fields around their equations of motion (EoM)
solutions. The Lagrangian in the integrand of the generating functional has also a corresponding
expansion in the perturbation, where each order in η contains relevant information [19]:
L = L O(η
0)︸ ︷︷ ︸
Tree-level
+ L O(η
1)︸ ︷︷ ︸
EoM
+ L O(η
2)︸ ︷︷ ︸
1-loop
+ O(η3)︸ ︷︷ ︸
Higher loops
. (3.1)
3Other Goldstone parametrizations are discussed in [6, 12, 16, 17], being all of them fully equivalent when describ-
ing on-shell matrix elements.
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The Lagrangian evaluated at the classical solution provides the tree-level contributions to the ef-
fective action, the requirement that the linear term in the η expansion vanishes provides the EoM,
the quadratic fluctuation in η provides the 1-loop contributions to the effective action and higher
loops are encoded in the remaining terms of the η expansion.
In our analysis [1] we were interested in the one-loop UV divergences at O(p4), that is those
coming from diagrams with L2 vertices. We studied the structures that grow faster with the energy
at one-loop, as (Energy)4. They were given by the loops of scalars (h and ωa) which are the only
ones that couple derivatively in L2. We made the Goldstone representative choice uL = u†R [21] and
performed fluctuations of the scalar fields (Higgs and Goldstones) around the classical background
fields ¯h and u¯L,R [1]:
uR,L = u¯R,L exp
{
±iF−1/2C ∆/(2v)
}
, h = ¯h + ε , (3.2)
with ∆ = ∆aσ a. Without any loss of generality we introduced the factor F−1/2C in the exponent
for later convenience, allowing us to write down the second-order fluctuation of the action in the
canonical form [19]. To obtain the one-loop effective action within the background field method
we then retained the quantum fluctuations ~ηT = (∆a,ε) up to quadratic order [19].
Since we are interested in the loops with only L2 vertices, we study the η expansion of the LO
Lagrangian L O(η
0)
2 =L2[u¯L,R,
¯h]. The tree-level effective action is equal to the action evaluated at
the classical solution,
∫
dDx L O(η0).
3.1 O(η1) fluctuations: EoM
The background field configurations correspond to the solutions of the classical equations of
motion (EoM), defined by the requirement that the linear term,
L
O(η1)
2 =
v
2
〈∆ (∇µ(FCuµ) + 2FCJP)〉 + vε
(
1
4
F
′
C〈uµuµ 〉−
∂ 2h
v
−V ′−〈J′S 〉
)
, (3.3)
vanishes for arbitrary ~ηT = (∆a,ε). This yields the EoM,
∇µuµ = −2F−1C JP−uµ∂ µ(lnFC) ,
∂ 2h
v
=
1
4
F
′
C 〈uµuµ 〉−V ′− 〈J′S 〉 . (3.4)
Here and in the following, we abuse of the notation by writing the background fields u¯L,R and ¯h as
uL,R and h for conciseness.
3.2 O(η2) fluctuations: 1-loop corrections
The O(η2) term of the expansion of L2 reads
L
O(∆2) = − 1
4
〈∆∇2∆〉 + 1
16〈 [uµ ,∆] [u
µ ,∆]〉
+

F−
1
2
C K
8
(∂ 2h
v
)
+
Ω
16
(∂µh
v
)2〈∆2 〉+ 1
2FC
〈∆2JS 〉,
L
O(ε2) = −1
2
ε
[
∂ 2− 1
4
F
′′
C 〈uµ uµ 〉+V ′′+ 〈J′′S 〉
]
ε ,
L
O(ε∆) = − 1
2
εF ′C 〈uµ ∇µ(F−
1
2
C ∆)〉+F
− 12
C ε〈∆J′P 〉 , (3.5)
5
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in terms of K = F−1/2C F ′C and Ω = 2F ′′C/FC − (F ′C/FC)2. Through a proper definition of the
differential operator dµ~η = ∂µ~η +Yµ~η , one can rewrite L O(η
2)
2 in the canonical form
L
O(η2)
2 = −
1
2
~ηT (dµdµ +Λ)~η , (3.6)
where dµ and Λ depend on h, uL,R and on the gauge boson and fermion fields (see App. A in
Ref. [1]). They scale according to the chiral counting as
dµ ∼ O(p) , Λ ∼ O(p2) . (3.7)
The quadratic form (3.6) yields a Gaussian integration over ~η in the path-integral, which gives
the one-loop contribution to the effective action,
S1ℓ = i
2
tr log
(
dµdµ +Λ
)
. (3.8)
where tr stands for the full trace of the operator, including the trace in the adjoint representation of
the flavour space and that in the coordinate space.
The computation of the full one-loop effective action is in general a difficult task. However,
it is easier to extract its UV-divergent part. 4 For this, we first transform the trace of the log in
configuration space into an integral of an exponential by means of the Schwinger-DeWitt proper-
time representation embedded in the heat-kernel expansion [19]:
〈x| log (dµdµ +Λ) |x〉 = −
∫
∞
0
dτ
τ
〈x|e−τ(dµ dµ+Λ)|x〉︸ ︷︷ ︸
≡H(x,τ)
+ C
dim−reg
= − i
(4pi)D/2
∞
∑
n=0
mD−2n Γ
(
n− D
2
)
an(x) + C, (3.9)
where we obtain the expansion in term of local operators of increasing dimension given by the
Seeley-DeWitt coefficients an(x) and the potential UV divergences are contained in the Gamma
function for D → 4. Only the terms of the series with 2n ≤ D are divergent and they have their
origin on the short-distance part of the integral, this is, in its lower limit τ → 0 (the integration
variable τ has dimensions of length-square in natural units). The (infinite) constant C is irrelevant
here. In the second line we have used the Fourier decomposition of the heat-kernel in momentum
space,
H(x,τ) = 〈x|e−τ(dµ dµ+Λ)|x〉=
∫ dDp
(2pi)D
e−ipxe−τ(dµ d
µ+Λ)eipx =
ie−τm
2
(4piτ)D/2
∞
∑
n=0
an(x)τ
n , (3.10)
where the coefficients an(x) are extracted by expanding the interaction part of (dµdµ +Λ) in the
exponential in powers of τ and performing the integral of each corresponding term in dimensional
regularization. In our case, the residue of the (D− 4)−1 pole is given by the trace Tr{a2(x)} [1,
4It is also sometimes possible to compute the effective potential. See for instance [25].
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19]: 5
S1ℓ = − µ
D−4
16pi2(D−4)
∫
dDx Tr{a2(x)} + finite
= − µ
D−4
16pi2(D−4)
∫
dDx Tr
{
1
12
[dµ ,dν ] [dµ ,dν ]+
1
2
Λ2
}
+ finite
= − µ
D−4
16pi2(D−4)
∫
dDx ∑
k
Γk Ok + finite , (3.11)
where Tr refers to the trace over the 4× 4 operators that acted on the fluctuation vector ~η in
Eq. (3.6). The UV-divergence is determined by the non-derivative quadratic fluctuation Λ and the
differential operator dµ through [dµ ,dν ] =Yµν = ∂µYν −∂νYµ +[Yµ ,Yν ],with both Λ, Yµν ∼ O(p2).
By looking at the second line of (3.11) it is then clear that the UV-divergences that appear from
one-loop diagrams with L2 vertices are O(p4) and that they require counterterms of that order to
be cancelled out. However, as some of this p factors are actually constants (e.g., Higgs masses
mh) the structure of the operators Ok resembles that of other operators already present in L2. In
general, the one-loop UV-divergences in the effective action will have a local structure and can be
written in terms of the basis of operators of chiral dimension p2, p4, etc. [2, 14, 3, 4],
S1ℓ,∞ =
∫
dDx
(
L
1ℓ,∞
2 + L
1ℓ,∞
4 + ...
)
. (3.12)
Let us summarize the results for the NLO UV-divergences from h and ωa loops:
• UV divergences with the structure of the L2 operators in Eq. (2.3):
L
1ℓ,∞
2 = −
µD−4
16pi2(D−4)
{
1
8
[
F
′
CV ′
FC
(4−K 2)−FCΩV ′′
]
〈uµuµ 〉
− 3F
′
CV ′Ω
8FC
(∂µh
v
)2
+
[
1
2
(
V ′′
)2
+
3K 2
8FC
(
V ′
)2]
+
(
V ′′〈J′′S 〉−
3F ′CV ′
2FC
〈ΓS 〉
)}
, (3.13)
where ΓS =F−1C (JS−F ′CJ′S/2) is an O(p2) tensor. These UV divergences are cancelled out
through the renormalization of various parts of L2: the couplings in the FC term (1st line);
the Higgs kinetic term (1st term in 2nd line), which requires a NLO Higgs field redefinition;
the coefficients of the Higgs potential, e.g. the Higgs mass (2nd bracket in 2nd line); the
Yukawa term couplings in ˆY (3rd line).
• UV divergences with the structure of the L4 operators: the L 1ℓ,∞4 terms are further clas-
sified here into two types, according to whether they include fermion fields or not.
5The IR regulator m of the heat-kernel integral can be made arbitrary small and hence the term Tr{a1(x)}= −Tr{Λ}
does not contribute to the UV divergent part; note that the particle masses are accounted as a perturbation, i.e., within
Λ(x).
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ck Operator Ok Γk Γk[0]
c1
1
4〈 f
µν
+ f+µν − f µν− f−µν 〉 124(K 2−4) −16(1−a2)
(c2− c3) i2 〈 f µν+ [uµ ,uν ]〉 124(K 2−4) −16(1−a2)
c4 〈uµuν 〉〈uµ uν 〉 196(K
2−4)2 16(1−a
2)2
c5 〈uµuµ 〉2 1192(K 2−4)2 +
1
128F
2
CΩ2 18(a
2−b)2 + 112(1−a2)2
c6
1
v2
(∂µh)(∂ µ h)〈uν uν 〉 116Ω(K
2−4)− 196FCΩ
2 −16(a
2−b)(7a2−b−6)
c7
1
v2
(∂µh)(∂ν h)〈uµ uν 〉 124FCΩ2
2
3(a
2−b)2
c8
1
v4
(∂µh)(∂ µ h)(∂ν h)(∂ ν h) 332Ω
2 3
2(a
2−b)2
c9
(∂µh)
v 〈 f µν− uν 〉 124F ′CΩ −13a(a2−b)
c10
1
2〈 f
µν
+ f+µν + f µν− f−µν 〉 − 148(K 2 +4) − 112(1+a2)
Table 1: Purely bosonic operators needed for the renormalization of the NLO effective Lagrangian L4 [1].
In the last column, we provide the first term Γk[0] in the expansion of the Γk in powers of (h/v) by using
FC = 1+2ah/v+bh2/v2+O(h3). The first five operators Oi have the structure of the respective ai Longhi-
tano operator [2, 23] (with i = 1...5). In addition, c6 = FD7, c7 = FD8 and c8 = FD11 in the notation of
Ref. [3]. The last operator of the list, O10 = 2〈rµν rµν + ℓµνℓµν 〉, only depends on the EW field strength
tensors and its coefficient is labeled as c10 = H1 in the notation of Ref. [6]. In the notation of [13] c10 = F2,
c2− c3 = F3 and ck = Fk for k 6= 2,3.
1. Fermionic operators L 1ℓ,∞4 |Fer:
L
1ℓ,∞
4 |Fer =−
µD−4
16pi2(D−4)
{
〈
(
K
2
4
−1
)
ΓS−FCΩ8 J
′′
S 〉〈uµ uµ 〉
+
3
4
Ω〈ΓS 〉
(∂µh
v
)2
+
1
2
Ω〈ΓPuµ 〉
(∂µh
v
)
+
1
2
〈J′′S 〉2 +
3
2
〈ΓS 〉2 + 1
FC
(
2〈Γ2P 〉− 〈ΓP 〉2
) }
, (3.14)
with ΓP = J′P−F−1C F ′CJP/2 being an O(p2) tensor.
2. Purely bosonic O(p4) divergences L 1ℓ,∞4 |Bos: This is actually the main result of our
computation as these O(p4) operators of the effective action can be only produced
from the derivative interactions in L2. They spoil the renormalizability of the SM La-
grangian and lead to the appearance of “true” O(p4) UV-divergences, this is, operators
with 4 covariant derivatives. 6 The outcome is summarized in Table 1.
6In the case that the covariant derivatives act on h they just reduce to partial derivatives. Note that the field-strength
tensors can be always realized as the commutator of two covariant derivatives.
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One can observe that the non-linearity of the L2 Lagrangian (where, in general, h is not
introduced via a complex double Φ) is the origin of these higher-dimension divergences. For
FC[h/v] = 1+ 2ah/v + bh2/v2 + ..., the combinations K and Ω that rule the structure of the
divergences are given by
(
K 2−4) = 4(a−1) + O(h/v), Ω = 4(b−a2) + O(h/v). In particular
in the linear limit FC = (1+h/v)2 and ˆY [h/v] = Y (1+h/v), all the O(p4) divergences from h and
ωa loops disappear, (
K
2−4) = Ω = 0 , J′′S = ΓS = ΓP = 0 , (3.15)
where the cancellation in the first identity relies only on the form of FC, and the second one –
related to four-fermion operators in L 1ℓ,∞4 – requires also the linear structure in ˆY .
4. Renormalization at NLO in the ECLh
In order to have a finite 1-loop effective action the divergences in Eq. (3.11) are canceled by
the counterterms
L
ct = ∑
k
ck Ok , (4.1)
such that L ct + L 1ℓ,∞ = finite , where the Ok is the previous basis of EFT operators, translating
into the renormalization conditions
ck = c
r
k +
µD−4
16pi2(D−4) Γk . (4.2)
This leads to the renormalization group equations (RGE) for the O(p4) coupling constants,
dcrk,n
d ln µ = −
Γk,n
16pi2
, with Γk[h/v] = ∑
n
Γk,n
n!
(
h
v
)n
, ck[h/v] = ∑
n
ck,n
n!
(
h
v
)n
. (4.3)
Physically, this means that the NLO effective couplings will appear in the amplitudes in com-
binations with logarithms of IR scales p.
5. Conclusions
Modifying the LO Lagrangian of our EFT action by allowing a non-linear structure for the
Higgs field (FC 6= (1 + h/v)2) has important implications not only at lowest order but also at
NLO. Any misalignment between Higgs h and Goldstone fields ωa that does not allow us to
combine them into a complex doublet Φ produces a whole new set of divergences absent in
linear theory. Nevertheless, it is possible to find combinations of couplings that are renormal-
ization group invariant (RGI). Some examples derived in [1] are the couplings that determine
γγ → ZZ, Zγ , γγ , γγ , Zγ → h, hh, hhh... Some of the latter RGI relations were known from previ-
ous works (γγ → ZZ [12], γγ , Zγ → h [12, 24]). In addition our result also reproduces the running
found in WW, ZZ and hh scattering [16, 26].
Our computation in [1] did not address the following two issues: on the one hand, the anal-
ysis of the additional contributions to the Higgs potential and their phenomenological implica-
tions; on the other hand, deviations from the linear-Higgs scenario leads to the appearance of
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UV-divergences and logs related to four-fermion operators, e.g. 〈J2S,P 〉, which could be strongly
constrained by flavour tests. The study of the latter, together with the full NLO computation in-
cluding gauge boson and fermion loops, is postponed for future work.
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